Abstract. In this article, we give a geometric proof of the classification of complex vector cross product in .
The following definition is a point-wise version of the definition of complex vector cross product on complex Hermitian manifolds in Lee-Leung [1] .
Definition 0.1. Let V be complex vector space of dimension n with a Hermitian metric and r be an integer between 1 and n − 1.
for any r unit vectors e 1 , e 2 , · · · , e r that are orthogonal to each other.
In [1] , Lee-Leung proved the following result.
Theorem 0.1. On a complex vector space V of dimension n, there is a r-fold complex vector cross product if and only if
(1) r = 1 and n is an even number, or (2) r = n − 1 and n is an arbitrary natural number.
In this article, we give a geometric proof of this theorem by using Plüker embedding and dimension counting of projective sub-varieties. By the identity (0.1), we know that for any u 1 , u 2 , · · · , u r that are linearly independent,
By projectification and Plüker embedding, all the r-vectors that can be separated as the form u 1 ∧u 2 ∧· · ·∧u r forms the Grassmannian manifold Gr(r, V ) ⊂ P(∧ r V ).
The discussion above implies that that
That is,
Note that, by dimension theorem in linear algebra, we have
Combining equation (0.2) and (0.3), we have r(n − r) = dim Gr(r, V ) < n.
Therefore r = 1 or r = n − 1.
Let e 1 , e 2 , · · · , e n be an orthonormal basis of V and ω 1 , ω 2 , · · · , ω n be its dual basis. Then, under this two basis, the matrix A of f is skew symmetric and nonsingular. Hence, n is an even number.
